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In this paper, we consider the following problem: of all tricyclic
graphs or trees of order nwith k pendant vertices (n, k fixed), which
achieves the maximal signless Laplacian spectral radius?
We determine the graph with the largest signless Laplacian spec-
tral radius among all tricyclic graphs with n vertices and k pendant
vertices. Thenwe show that themaximal signless Laplacian spectral
radius among all trees of order nwith k pendant vertices is obtained
uniquely at Tn,k , where Tn,k is a tree obtained from a star K1,k and
k paths of almost equal lengths by joining each pendant vertex to
one end-vertex of one path. We also discuss the signless Laplacian
spectral radius of Tn,k and give some results.
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1. Introduction
Throughout the paper, let G = (V, E) be a connected undirected simple graph with V = V(G) =
{v1, v2, . . . , vn} and E = E(G) = {e1, e2, . . . , em}. The order of a graph is the cardinality of its vertex
set. Especially, if m = n, m = n + 1 or m = n + 2, then G is called a unicyclic, bicyclic or tricyclic
graph, respectively. LetNG(v) orN(v) denote the adjacent vertex set of v in G and dv or d(v) the degree
of v. Let  = (G) be the maximum degree of G. The d(u, v) is the distance between the vertices u
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and v. The adjacency matrix of G is A(G) = (aij), where aij = 1 if and only if vi and vj are adjacent
in G and aij = 0 otherwise. The characteristic polynomial P(G, x) = |xIn − A(G)| of the adjacency
matrix A(G) of G is called the characteristic polynomial of G. The spectrum of A(G) is also called the
spectrum of G. Let D = D(G) = diag{dv1 , dv2 , . . . , dvn} be the vertex degree diagonal matrix of G.
The spectral radius of G, ρ1(G), is the largest eigenvalue of its adjacency matrix A(G). The Laplacian
spectral radius ofG,λ1(G), is the largest eigenvalue of its Laplacianmatrix L(G) = D(G)−A(G), and the
signless Laplacian spectral radius of G, q1(G), is the largest eigenvalue of its signless Laplacian matrix
Q(G) = D(G)+A(G). The characteristic polynomialΨ (G, x) = |xIn − L(G)| (Φ(G, x) = |xIn −Q(G)|)
of L(G) (Q(G)) ofG is called the (signless) Laplacian characteristic polynomial ofG. The spectrumof L(G)
(Q(G)) is also called the (signless) Laplacian spectrum of G. When G is connected, Q(G) is irreducible
and by the Perron–Frobenius Theorem, the signless Laplacian spectral radius is simple and there is a
unique positive unit eigenvector corresponding to q1(G). We shall refer to such an eigenvector as the
Perron vector of G.
For a long time,most scholars have been interested in the spectra of adjacencymatrix and Laplacian
matrix of a graph. Therefore the two kinds of spectra are studied extensively in the literature (see e.g.,
books [4–6] and survey papers [1,26]). The study of the signless Laplacian spectrum of a graph has
recently attracted researchers’ attention. Some survey papers and books on the signless Laplacian
spectrum of a graph can be found in [1,8,18,22] and [5,6], respectively.
In the1980s, Brualdi,Hoffman, Solheid investigated themaximal spectral radiusof adjacencymatrix
of a graph in a given set of graphs in [2,3].Wuet al. determined the unique treewith the largest spectral
radius in the class of treeswith n vertices and k pendant vertices in [24]. Guo identified the graphswith
the largest spectral radius in the class of unicyclic and bicyclic graphs with n vertices and k pendant
vertices in [16], respectively. Very recently, Geng and Li obtained the unique tricyclic graphs with the
largest spectral radius in the class of tricyclic graphswithn vertices and k pendant vertices in [14]. Liu et
al. studied the (signless) Laplacian spectral radius of unicyclic and bicyclic graphswith n vertices and k
pendent vertices in [21]. Guo determined the graphwith themaximal Laplacian spectral radius among
all unicyclic graphs and all bicyclic graphswith given order and the number of pendent vertices in [15],
respectively. Guo andWang determined the graphwith the largest Laplacian spectral radius among all
tricyclic graphs with n vertices and k pendent vertices in [17]. Zhang characterized all extremal trees
with the largest Laplacian spectral radius in the set of all trees with a given degree sequence in [25].
Fan and Yang studied the signless Laplacian spectral radius of graphs with given number of pendent
vertices in [9]. Feng and Yu studied the signless Laplacian spectral radius of unicyclic graphs with
given number pendant vertices or independence number in [12]. Feng studied the signless Laplacian
spectral radius of bicyclic graphs with given number pendant vertices in [10]. In this paper, we shall
consider the similar problem about maximal signless Laplacian spectral radius of all tricyclic graphs
and trees of order n with k pendant vertices, respectively. We determine the graph with the largest
signless Laplacian spectral radius among all tricyclic graphs and trees with n vertices and k pendant
vertices, respectively.
2. Preliminaries
Denote by Cn and Pn the cycle and the path, respectively, each on n vertices. For a graph G, let G− u
or G − uv denote the graph that arises from G by deleting the vertex u ∈ V(G) or the edge uv ∈ E(G).
Similarly, G + uv is a graph that arises from G by adding an edge uv ∈ E(G), where u, v ∈ V(G). A
pendant vertex of G is a vertex of degree 1. A pendant edge is an edge incident with a pendant vertex.
A path P = vv1v2 . . . vk of G is called a pendant path from a vertex v if d(v1) = · · · = d(vk−1) = 2,
and d(vk) = 1. k paths Pl1 , Pl2 , . . . , Plk are said to have almost equal lengths if l1, l2, . . . , lk satisfy|li − lj|  1 for 1  i, j  k.
For convenience, we denote by T kn the set of all the tricyclic graphs with n vertices and k pendant
vertices. We know, by Geng and Li [14], that a tricyclic graph G contains at least 3 cycles and at most 7
cycles, furthermore, there do not exist 5 cycles in G. Let T k,in ⊂ T kn be set of all the graphs with exact i
cycles for i = 3, 4, 6, 7. Then T kn = T k,3n ∪ T k,4n ∪ T k,6n ∪ T k,7n .
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Fig. 1. T1–T15.
Fig. 2. Graph Tn,k .
For any G ∈ T kn , G can be obtained from some Ti in Fig. 1 by attaching trees to some vertices. Let
Twi ∈ T kn denote the graph obtained from Ti by attaching k paths with almost equal lengths to some
vertex w of Ti. For any graph G ∈ T k,3n , denote by Cp, Cq, and Cr the cycles of G.
The path P = v1v2 . . . vn, where v1 and vn are called end-vertices and the other vertices are referred
to the internal vertices of P. Tn,k denotes the set of trees on n vertices with k pendant vertices (n, k
fixed). The tree Tn,k is obtained from a star K1,k and k paths of almost equal lengths by joining each
pendant vertex to one end-vertex of one path. Obviously, 2  k  n − 1. This implies T = P2 = T2,2
is excluded and n  3. Assume q = [ n−1
k
], n − 1 = qk + r (0  r  k − 1), then Tn,k is shown in
Fig. 2.
In general, Tn,n−1 = K1,n−1, Tn,2 = Pn, Tn,n−2 = S(1, n− 3), a tree obtained from two stars K1,n−3
and K1,1 by joining their central vertices. For example, T6,5 = K1,5, T6,4 = S(1, 3) and T6,2 = P6 is a
path of length 5 (see Fig. 3).
In order to complete the proof of our main results, we need the following lemmas.
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Fig. 3. Graphs T6,k (k = 2, 3, 4, 5).
Lemma 2.1 ([22]). Let G be a graph on n vertices. Then
q1(G)  max{du + mu : u ∈ V(G)},
where mu = (∑uv∈E(G) dv)/du is the average of the degrees of the vertices of G adjacent to u, the
equality holds if and only if G is regular or semi-regular bipartite.
Lemma 2.2 [19]. Let G be a connected graph and u, v be the two vertices of G. Suppose v1, v2, . . . , vs ∈
N(v)\{N(u)∪{u}} (1  s  dv) and G∗ is the graph obtained fromG by deleting the edges vvi and adding
uvi (1  i  s). Let X = (x1, x2, . . . , xn)t be the principal eigenvector of Q(G), where xi corresponds to
vi (1  i  n). If xu  xv, then q1(G) < q1(G∗).
Lemma 2.3 [7]. Let G be a graph on n vertices and m edges and let e be a edge of G. Let q1, q2, . . . , qn
(q1  q2  · · ·  qn) and s1, s2, . . . , sn (s1  s2  · · ·  sn) be Q-eigenvalues of G and G − e,
respectively. Then
0  sn  qn  · · ·  s2  q2  s1  q1.
Nowwe consider the graph Guv obtained from connected graph G by subdividing the edge uv, that
is, by replacing edge uv with edges uw,wv, where w is an additional vertex. We call the following
two types of paths internal paths: (a) A sequence of vertices v0, v1, . . . , vk, vk+1 (k  2), where
v0, v1, . . . , vk are distinct, v0 = vk+1 of degree at least 3, dvi = 2, for i = 1, 2, . . . , k, and vi−1, vi
(i = 1, 2, . . . , k + 1) are adjacent. (b) A sequence of vertices v0, v1, . . . , vk, vk+1 (k  0) such that
vi−1, vi (i = 1, 2, . . . , k + 1) are adjacent, dv0  3, dvk+1  3 and dvi = 2 wherever 1  i  k.
Lemma 2.4 [8,11]. Let G be a connected graph and uv be some edge on the internal path of G as we defined
above. If we subdivide uv, that is, substitute it by uw,wv with a new vertex w, and denote the new graph
by Guv, then q1(Guv) < q1(G).
Lemma 2.5 [8]. Suppose G is a nontrivial simple and connected graph. let v be some vertex of G. For
nonnegative integers k, l, let G(k, l) denote the graph obtained from G by adding pendant paths of length
k, l at v. If k  l  1, then q1(G(k, l)) > q1(G(k + 1, l − 1)).
Lemma 2.6 [10]. Let G be a connected graph and P be a pendant path in G. Suppose e is an edge in P and
G∗ is the graph obtained from G by subdividing e, then q1(G) < q1(G∗).
Lemma 2.7 [10]. Let G be a connected graph. Suppose that v1 and v2 are vertices each of degree at least
three and v1v2 is an edge of G, and N(v1)∩ N(v2) = ∅. Let G∗ be the connected graph obtained from G by
contracting v1v2 (i.e., deleting the edge and identifying vertices v1 and v2). Then q1(G) < q1(G
∗).
Lemma 2.8 [7]. Let G be a graph on n vertices with at least an edge and the maximum degree of G be .
Then q1(G)   + 1, the equality holds if only if G is a star Sn = K1,n−1.
Lemma 2.9 [22]. Let G be a simple and connected graph, its degree sequence is dv1 , dv2 , . . . , dvn . Then
we have
(1) q1(G)  max
{
du(du+mu)+dv(dv+mv)
du+dv : uv ∈ E
}
.
(2) q1(G)  max{du + dv : uv ∈ E}.
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Fig. 4. Graphs G1 and G2.
Fig. 5. The arrangement of three cycles in T k,3n .
Lemma 2.10 [13]. Let G be a connected graph. Suppose that v1 and vk (k  2) are vertices of degree at
least three, and N(v1) ∩ N(vk) = ∅. Suppose further that the unique path P = v1v2 · · · vk from v1 to vk
is an internal path. Let G′ be a connected graph obtained from G by collapsing the entire internal path (i.e.,
delete all edges {v1v2, v2v3, . . . , vk−1vk} and identify the vertices v1, v2, . . . , vk). Then q1(G) < q1(G′).
Lemma 2.11 [18]. Φ(K1,k, x) = x(x − 1)k−1(x − k − 1).
Lemma 2.12 [23]. Let uv and vw be two edges of a graph G such that d(u) = 1 and d(v) = 2. Then
Φ(G, x) = (x − 2)Φ(G − u, x) − Φ(G − u − v, x).
Lemma 2.13 [20]. If a graph G is a bipartite graph, then λ1(G) = q1(G).
Lemma2.14 [20]. If G is a graphwith at least one edge, then q1(G)  λ1(G)  (G)+1. If G is connected,
the first equality holds if and only if G is bipartite, the second equality holds if and only if  = n − 1.
3. Main results
In this section, we will determine the graph with the largest signless Laplacian spectral radius
among all tricyclic graphs or trees with n vertices and k pendant vertices, respectively.
Let B3(1) denote a tricyclic graph in T kn obtained from the graph G1 in Fig. 4 by attaching k paths
with almost equal lengths to vertex v. Let B4(1) denote a tricyclic graph in T kn obtained from the graph
G2 in Fig. 4 by attaching k paths with almost equal lengths to vertex v.
Theorem 3.1. Let G be a graph in T k,3n , k  1. Then q1(G)  q1(B3(1)), and the equality holds if and
only if G ∼= B3(1).
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Proof. The arrangement of three cycles, say, Cp, Cq, Cr , inG has seven possible cases; see Fig. 5. Choose
G ∈ T k,3n such that the signless Laplacian spectral radius is as large as possible. Denote the vertex set
of G by {v1, v2, . . . , vn} and the Perron vector X = (x1, x2, . . . , xn)t , where xi corresponds to vi
(1  i  n). We first prove some facts. 
Fact 1. The arrangement of the three cycles in G is (a) in Fig. 5.
Proof of Fact 1. Assume that the arrangement of three cycles contained in G is just (b) in Fig. 5. Then
denote the path connecting two cycles, say Cp, Cq, by v1v2 · · · vl with l > 1. Suppose that v1 is on Cp,
while vl is on Cq. Without loss of generality, we may assume that x1  xl . Denote by vl+1 a neighbor
of vl which belongs to Cq. Let G
∗ = G − {vlvl+1} + {v1vl+1}. Then G∗ ∈ T 3n . By Lemma 2.2, we
have q1(G
∗) > q1(G), a contradiction. Or by Lemmas 2.4, 2.7 and 2.6, we can collapse the whole
internal path and subdivide some pendent edges several times, then we will get a new graph G′ with
q1(G
′) > q1(G), a contradiction. Hence l = 1. Using the samemethod, we can also show that G cannot
contain three cycles whose arrangement is as (d), (e), (f ) or (g) in Fig. 5. Therefore the arrangements
of three cycles in G is either (a) or (c) in Fig. 5. By Lemma 2.2, we know that G cannot contain three
cycles whose arrangement is that of (c). This completes the proof of Fact 1.
Furthermore, we can also verify that Gmust be the one obtained by attaching the tree (say T) to the
vertex vwhich is the commonvertex of all three cycles in (a). If not, by comparing all eigencomponents
corresponding to the vertices attached by trees and moving those trees to one vertex corresponding
to the largest eigencomponent, we get a new graph. If the vertex as the common vertex attached
by all trees is different from vertex v, we can compare the eigencomponents of the two vertices. By
Lemma 2.2, we obtain that the signless Laplacian spectral radius of the graph is larger than that of G,
a contradiction. 
Fact 2. Each vertex u of T has degree du  2.
Proof of Fact 2. On the contrary, if there exists at least one vertex w in the tree T such that d(w)  3.
Without loss of generality, we assume d(w, v) is the minimum value among all vertices of tree T with
degree at least three. By Lemmas 2.10 and 2.6, we can collapse the whole internal path joining the
vertexw with v, identify all vertices in the path into v, subdivide the pendent edges several times and
get a graph which has larger signless Laplacian spectral radius, a contradiction to the hypothesis. We
can say the vertices outside the cycles in G have degree at most two, namely, the tree T consists of k
pendent paths. 
Fact 3. k paths attached to v have almost equal length.
Proof of Fact 3.Denote the k paths attached to v by Pl1 , Pl2 , . . . , Plk , thenwewill prove that |li− lj|  1
for 1  i, j  k. If there exist two paths, say Pl1 , Pl2 such that l1 − l2  2. Denote Pl1 = vu1u2 · · · ul1 ,
Pl2 = vw1w2 · · ·wl2 . Let G∗ = G − {ul1−1ul1} + {wl2ul1}. Then G∗ ∈ T k,3n . By Lemma 2.5, we have
q1(G
∗) > q1(G), a contradiction. 
Fact 4. All the cycles Cp, Cq, Cr in G have length 3.
Proof of Fact 4. Assume that p  4. Let Cp = vv1v2 · · · vp−1v and let Pm = vu1u2 · · · um be a path
attached to the graph G, where m  1. Let G∗ = G − {vv1, v1v2} + {vv2, umv1}. Then G∗ ∈ T k,3n . By
Lemmas 2.4 and 2.6, we have q1(G
∗) > q1(G), a contradiction. So p = 3. Similarly, we can verify that
q = 3 and r = 3.
Combining Facts 1−4, we have q1(G)  q1(B3(1)), with equality holds if and only if G ∼= B3(1).
This completes the proof. 
Theorem 3.2. Let G be a graph in T k,4n , k  1. Then q1(G)  q1(B4(1)) and the equality holds if and
only if G ∼= B4(1).
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Fig. 6. (i) is the θ-graph P(l, p, q) and (ii), (iii), (iv), (v) are the four types of G∗.
Fig. 7. Graph G3.
Proof. Let Pl+1, Pp+1, Pq+1 be three vertex-disjoint paths where l, p, q  1 and atmost one of them is
1. Identifying the three initial vertices and terminal vertices of them, respectively, the resulting graph
(e.g., (i) in Fig. 6), denote by P(l, p, q) is called a θ-graph. Furthermore, let Ch be a cycle. Connect Ch and
P(l, p, q) by a path Ps and denote the resulting graph byG
∗, where s  1 andG∗ has four types, see (ii)–
(v) in Fig. 6. So, T k,4n are those graphs each of which is obtained by attaching some trees to G∗. Choose
G ∈ T k,4n such that the signless Laplacian spectral radius of G is as large as possible. Denote the vertex
set of G by {v1, v2, . . . , vn} and the Perron vector by X = (x1, x2, . . . , xn)t , where xi corresponds to vi
(1  i  n).
Similarly to the proofs of Facts 2 and 3 of Theorem 3.1, we can verify that G is a G∗-graph with k
paths of almost equal lengths to one vertex denoted by v. By Lemma 2.2, we know that G∗ is either
Type (ii) or Type (iii). Or by Lemmas 2.4, 2.7 and 2.6, we can collapse the internal path joining the
θ-graph with the cycle Ch and subdivide pendent edges several times. Then we get a new graph G
′
with q1(G) < q1(G
′), a contradiction. Similarly, by Fact 4 of Theorem 3.1, we know Ch is of length 3.
Then we will use Pm = vu1u2 · · · um to denote one path of the k paths attached to vertex v, where
m  1.
We can prove by Lemma 2.2 that G∗ must be of Type (iii). For convenience, we assume that a is just
the common vertex of P(l, p, q) and Ch. Then by Lemma 2.2, we obtain v = a.
By the definition of graph P(l, p, q), we have l, p, q  1 and at most one of them is 1.We claim that
one of l, p, q is 1 and the other two are 2. Assume, on the contrary, that l  3. Put Pl+1 = vv2v3 · · · vl+1.
Let G′ = G − {vv2, v2v3} + {vv3, umv2}. Then G′ ∈ T k,4n . By Lemmas 2.4 and 2.6, we have q1(G′) >
q1(G), a contradiction. Hence l  2. Similarly we can verify that p, q  2, and by Lemmas 2.4, 2.6 and
the definition of P(l, p, q), we know that one and only one of l, p, q is 1.
So max{q1(G) : G ∈ T k,4n } = q1(B4(1)). Hence, If G ∈ T k,4n , k  1, then q1(G)  q1(B4(1)), and
the equality holds if and only if G ∼= B4(1). 
Let B6(1) (respectively, B6(2)) denote a tricyclic graph in T kn obtained from the graph G3 in Fig. 7
by attaching k paths with almost equal length to vertex y (respectively, x).
Theorem 3.3. Let G be a graph in T k,6n , k  1. Then q1(G)  q1(B6(1)), and the equality holds if and
only if G ∼= B6(1).
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Fig. 8. All the possible arrangement of six cycles in G.
Fig. 9. One possible case for the arrangement of seven cycles in G ∈ T k,7n .
Proof. Since G contains exactly six cycles, then it is straightforward to check that all of the six cycles
either have exactly two vertices in common, or have exactly one vertex in common, or have no vertex
in common; see Fig. 8.
Choose G ∈ T k,6n such that the signless Laplacian spectral radius of G is as large as possible. Denote
the vertex set by {v1, v2, . . . , vn} and the Perron vector X = (x1, x2, . . . , xn)t , where xi corresponds
to vi (1  i  n).
Similarly to the proof of Theorem 3.1, we can verify that there exist exactly k paths of almost equal
lengths attached to one vertex, say v, on a cycle of G.
We can prove by Lemma 2.2 that the six cycles contained in G must be (a) in Fig. 8. Then label the
common vertices of six cycles as v1, v2, which are depicted in Fig. 8(a).
Assume that Pl+1, Pp+1, Pq+1, Ph+1 are the four paths connected v1 with v2; see (a) in Fig. 8.
Similarly to the proof of Theorem 3.1, by Lemmas 2.4 and 2.6, we obtain that one of l, p, q, h is 1
and the other three are 2. When v = v1 or v2, then G = B6(1). When v ∈ {v1, v2}, then G = B6(2).
Now we show that q1(B6(1)) > q1(B6(2)) in the following.
In fact, denote one of the vertices of degree four in B6(2) by u. Let {u1, u2} ∈ N(u), where {u1, u2} ∈
N(x), and x ∈ {u1, u2}. Denote N(x) = {v1, v2, . . . , vk, u,w}, wherew = N(x) ∩ N(u). If xu  xx , let
G∗1 = B6(2) − {xv1, xv2, . . . , xvk} + {uv1, uv2, . . . , uvk}. If xu < xx , let G∗2 = B6(2) − {uu1, uu2} +{xu1, xu2}. Then G∗1 = G∗2 = B6(1). By Lemma 2.2, we have q1(B6(1)) = q1(G∗1) = q1(G∗2) >
q1(B6(2)). This completes the proof. 
Theorem 3.4. Let G be a graph in T k,7n , k  1. Then q1(G)  q1(B7(1)) and the equality holds if and
only if G ∼= B7(1), where B7(1) is a tricyclic graph in T kn created from K4 by attaching k paths with almost
equal lengths to a vertex v of K4.
Proof. The arrangement of seven cycles contained in G has only one case; see Fig. 9. Choose G such
that the signless Laplacian spectral radius of G is as large as possible. Denote the vertex set of G by
{v1, v2, . . . , vn} and the Perron vector X = (x1, x2, . . . , xn)t , where xi corresponds to vi (1  i  n).
Similarly to the proof of Theorem 3.1, we can verify that there exactly exist k paths of almost
equal lengths attached to one vertex, say v, on a cycle of G. For convenience, v1, v2, v3, v3, v4 and
Pl1 , Pl2 , . . . , Pl6 are just shown in Fig. 9. We will use Pm = vw1w2 · · ·wm to denote one of the k paths
attached to vertex v, wherem  1.
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Now we want to show l1 = l2 = · · · = l6 = 2. Assume, on the contrary, that l1  3, then let
Pl1 = v1u1u2 . . . us andus = v2 and s  2. LetG∗ = G−{v1u1, u1u2}+{v1u2,wmu1}. ThenG∗ ∈ T k,7n .
By Lemmas 2.4 and 2.6, we have q1(G
∗) > q1(G), a contradiction. Hence s = 1, then l1 = 2. Similarly,
we can verify that l2 = l3 = · · · = l6 = 2. Finally, we can also obtain the vertex v ∈ {v1, v2, v3, v4}.
So max{q1(G) : G ∈ T k,7n } = q1(B7(1)). Hence, if G is a graph in T k,7n , k  1, then q1(G) 
q1(B7(1)) and the equality holds if and only if G ∼= B7(1). 
Theorem3.5. Let G be a graph in T kn , then q1(G)  q1(B3(1)), the equality holds if and only if G ∼= B3(1).
Proof. By Lemma 2.8, we have q1(B3(1)) >  + 1 = k + 7.
By Lemma 2.9(1), we have
q1(B4(1))  max
{
2(2 + (k + 7)/2) + 2(2 + (k + 7)/2)
4
,
(k + 5)(k + 5) + (2k + 11)/(k + 5) + 2(2 + (k + 7)/2)
k + 7 ,
2(2 + (k + 8)/2) + 3(3 + (k + 9)/3)
5
,
(k + 5)(k + 5 + (2k + 11)/(k + 5)) + 2(2 + (k + 8)/2)
k + 7 ,
(k + 5)(k + 5 + (2k + 11)/5) + 3(3 + (k + 9)/3)
k + 8
}
 k + 7.
By Lemma 2.1, we have
q1(B6(1))  max
{
k + 4 + 2 × k + 10
k + 4 , 2 +
k + 8
2
}
< k + 7,
q1(B7(1))  max
{
k + 3 + 2 × k + 9
k + 3 , 3 +
k + 9
3
}
< k + 7.
From Theorems 3.1−3.4 and the above discussion, we obtain that, if G is a graph in T kn , then q1(G) 
q1(B3(1)), the equality holds if and only if G ∼= B3(1). 
Theorem 3.6. Of all trees on n vertices with k pendant vertices, the maximal signless Laplacian spectral
radius is obtained uniquely at Tn,k.
Proof. We only need to prove that if T ∈ Tn,k , then q1(T)  q1(Tn,k) with equality if and only if
T ∼= Tn,k . Let t be the cardinality of the vertices whose degree are at least 3.
Case 1: t = 0. In this case, T is a path of order n; hence T = Tn,2 = Pn, we have q1(T) = q1(Tn,2).
Case 2: t = 1. The result q1(G)  q1(Tn,k) follows from a repeated use of Lemma 2, and equality
holds if and only if T ∼= Tn,k .
Case 3: t  2.We have three differentmethods to prove this conclusion. The firstmethod is similar
to the proof of Theorem 2 in [24] and we omit it.
In the following, we will present another two methods which seem easier.
The second method is that we prove it by using Lemmas 2.4, 2.7, 2.6 and 2.5. Since there exist at
least two vertices having degree at least 3, by a repeated application of Lemmas 2.4 and 2.7, we get
a tree T1 with exact one vertex having degree at least 3 and q1(T) < q1(T1). Then by Lemmas 2.6
and 2.5, we get the tree Tn,k by subdividing pendant edges several times and adjusting the lengths of
all pendant paths into the almost equal lengths. We have q1(T1)  q1(Tn,k). Combining all the facts
above, the result q1(T) < q1(Tn,k) holds.
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The thirdmethod is that we prove it by using Lemmas 2.10, 2.6 and 2.5. Firstly, we get a tree T2 with
exact one vertex having degree at least 3 by a repeated use of Lemma 2.10. We have q1(T) < q1(T2).
Then what we need to do is the same as that in the proof of the above second method by Lemmas 2.6
and 2.5.
By the cases, we complete the proof. 
Theorem 3.7. q1(Tn,k−1) < q1(Tn,k) for 3  k  n − 1.
Proof. It is obvious from Lemma 2.5. 
For the sake of clarity, we identify a graph with its signless Laplacian characteristic polynomial.
Since n − 1 = qk + r, we denote the graph Tn,k by Fk−r,r , where k − r and r denote the cardinalities
of paths of lengths q and q + 1, respectively. Specially, if q = 1, Fk,0 = K1,k . For example, when no
confusion occurs, we will also denote Φ(Fk−r,r, x) and Φ(K1,k, x) by Fk−r,r and K1,k , respectively.
Theorem 3.8. For [ n
2
]  k  n − 1, if q = 1, then the signless Laplacian characteristic polynomial of
Tn,k = Fk−r,r is
Φ(Tn,k, x) =
r∑
t=0
(−1)tCtr x(x − 2)r−t(x − 1)k−t−1(x − k + t − 1),
where q = [ n−1
k
] = 1, r = n − 1 − qk = n − 1 − k (0  r  k − 1).
Proof. Since [ n
2
]  k  n − 1, q = 1, r = n − 1 − qk = n − 1 − k (0  r  k − 1), Fk,0 = K1,k ,
by Lemmas 2.12 and 2.11, then the signless Laplacian characteristic polynomialΦ(Tn,k, x) = Fk−r,r of
Tn,k = Fk−r,r is
Fk−r,r = (x − 2)Fk−r+1,r−1 − Fk−r,r−1
= (x − 2)2Fk−r+2,r−2 − 2(x − 2)Fk−r+1,r−2 + Fk−r,r−2
= (x − 2)3Fk−r+3,r−3 − 3(x − 2)2Fk−r+2,r−3 + 3(x − 2)Fk−r+1,r−3
−Fk−r,r−3 = · · ·
=
s∑
t=0
(−1)tCts(x − 2)s−tFk−r+s−t,r−s, (1  s  r)
= · · · =
r∑
t=0
(−1)tCtr (x − 2)r−tFk−t,0
=
r∑
t=0
(−1)tCtr (x − 2)r−tK1,k−t
=
r∑
t=0
(−1)tCtr x(x − 2)r−t(x − 1)k−t−1(x − k + t − 1)
=
n−1−k∑
t=0
(−1)tCtn−1−kx(x − 2)n−1−k−t(x − 1)k−t−1(x − k + t − 1).
Next we only need to prove the following formula holds for the tree Tn,k = Fk−r,r with q = 1 and
r = n − 1 − qk = n − 1 − k (0  r  k − 1).
Fk−r,r =
s∑
t=0
(−1)tCts(x − 2)s−tFk−r+s−t,r−s, (1  s  r).  (1)
Proof of Formula (1). By Mathematical Induction on s (1  s  r).
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(i) When s = 1, by Lemma 2.12 we have
Fk−r,r = (x − 2)Fk−r+1,r−1 − Fk−r,r−1 =
1∑
t=0
(−1)tCt1(x − 2)1−tFk−r+1−t,r−1.
(ii) Suppose Formula (1) holds for s = a.
(iii) Now we prove that Formula (1) holds for s = a + 1.
Since Formula (1) holds for s = a,
Fk−r,r =
a∑
t=0
(−1)tCta(x − 2)a−tFk−r+a−t,r−a.
By Lemma 2.12, we continue to expand the above polynomial, then every item of the result is obtained
from the combination of some item and its front item in the above expression. That is
(−1)tCta(x − 2)a−tFk−r+a−t,r−a + (−1)t+1Ct+1a (x − 2)a−t−1Fk−r+a−t−1,r−a
= (−1)tCta(x − 2)a−t[(x − 2)Fk−r+a−t+1,r−a−1 − Fk−r+a−t,r−a−1]
+(−1)t+1Ct+1a (x − 2)a−t−1[(x − 2)Fk−r+a−t,r−a−1 − Fk−r+a−t−1,r−a−1]
= (−1)tCta(x − 2)a−t+1Fk−r+a−t+1,r−a−1 + (−1)t+1Ct+1a+1(x − 2)a−tFk−r+a−t,r−a−1
+(−1)t+2Ct+2a (x − 2)a−t−1Fk−r+a−t−1,r−a−1.
The second item in the above expression is some item in the expression for s = a + 1. At the same
time, the first item and the third item can be combined with its front item and next item, respectively,
and the new items of combination belong to the expression for s = a + 1, too. Thus
Fk−r,r =
s∑
t=0
(−1)tCts(x − 2)s−tFk−r+s−t,r−s, (1  s  r),
holds for s = a + 1.
Hence, the proof is completed. 
Corollary 3.9. Of all trees T ∈ Tn,k, we have q1(T)  q1(Tn,n−1) = n with equality if and only if
T ∼= Tn,n−1(= K1,n−1).
Proof. It is obvious from Theorems 3.6, 3.7 and Lemmas 2.13, 2.14. 
Corollary 3.10. For a tree T ∈ Tn,k, if T = Tn,n−1, then we have q1(T)  q1(Tn,n−2) = q1(S(1, n−3)),
where q1(Tn,n−2) = q1(S(1, n−3)) is the largest root of the equation x3−(n+2)x2+(3n−2)x−n = 0.
Proof. Since T ∈ Tn,k and T = Tn,n−1, then q1(T)  q1(Tn,n−2) = q1(S(1, n − 3)) holds from
Theorems 3.6, 3.7, 3.8 and Corollary 3.9. By Theorem 3.8, then the signless Laplacian characteristic
polynomial Φ(Tn,n−2, x) of Tn,n−2 is
Φ(Tn,n−2, x) =
1∑
t=0
(−1)tCt1x(x − 2)1−t(x − 1)n−t−3(x − n + t + 1)
= x(x − 2)(x − 1)n−3(x − n + 1) − x(x − 1)n−4(x − n + 2)
= x(x − 1)n−4[x3 − (n + 2)x2 + (3n − 2)x − n].
Hence q1(Tn,n−2) = q1(S(1, n−3)) is the largest root of the equation x3−(n+2)x2+(3n−2)x−n =
0. 
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